
 𝑈 𝑓: 𝑍𝑑 → 𝑅+ 2𝑑

𝑍𝑑 𝑒𝑖 𝑍𝑑

𝑖 = 1, … , 𝑑

 𝑍𝑑 𝑓(𝑌) ≤ 2𝑑 𝑓(𝑋)

𝑓(𝑌) ≤ (2𝑑)𝐿  𝑓(0) 𝑋 𝑌 𝐿

𝑒𝑖 𝑌 − 𝑋 

 𝑋𝑡  , 𝑡 = 0, … , +∞ 𝑋0 = (0, … ,0) 𝑋𝑡+1 =

𝑋𝑡+1 ±  𝑒𝑖  2𝑑 ± 𝑒𝑖 𝐸[𝑓(𝑋𝑡+1)| 𝑋𝑡] =

𝑓(𝑋𝑡) 𝐸[𝑓(𝑋𝑡)] = 𝑓(𝑋0)

𝐸[𝑓(𝑋𝑡)2] ≤ (2𝑑)2𝑡𝑓(𝑋0)2 𝑓(𝑋𝑡+1)2 ≤ (2𝑑)2𝑡𝑓(𝑋0)2

 𝑇 𝑃[𝑇 = 𝑡] =

2−3𝑡−1𝑑−2𝑡

 𝐸[𝑓(𝑋𝑇)2] ≤ 𝑓(𝑋0)2 ∑ 2−𝑡 =∞
𝑡=1 𝑓(𝑋0)2 𝑝(𝑌) = 𝑃[𝑋𝑇 = 𝑌] > 0 𝑌 ∈ 𝑍𝑑

 ∥ 𝑓 ∥2= 𝐸[𝑓(𝑋𝑇)2]1/2 = (∑ 𝑝(𝑌) 𝑓(𝑌)2
𝑌∈𝑍𝑑 )1/2 

𝑑(𝑓, 𝑔) = ∥ 𝑓 − 𝑔 ∥2 𝑉 = {𝑓|𝑓 ∈ 𝑈 ∩ 𝑓(𝑋0) = 1}

𝑓 ∈ 𝑉  𝑋 ∈ 𝑍𝑑

 𝑓̅  ∈ 𝑉 ∥ 𝑓̅  ∥2 𝑓𝑛

∥ 𝑓𝑛 ∥2 ∥ 𝑓 ∥2 𝑊

𝑓̅  ∈ 𝑊 𝑓̅

𝑋0 𝑓̅



𝑓(𝑋) = 0 𝑋 ∈ 𝑍𝑑 𝑓(𝑋) = 0 𝑋 ∈

𝑍𝑑 𝑓̅  ∈ 𝑉

 𝑓 ̅(𝑋) = ∑ (
𝑓(𝑋0± 𝑒𝑖)

2𝑑
)± ,𝑖 𝑓𝑖

±(𝑋) 𝑓𝑖
±(𝑋) = (

𝑓̅ (𝑋± 𝑒𝑖)

𝑓̅ (𝑋0± 𝑒𝑖)
) 𝑓𝑖

± ∈ 𝑉

𝑓 ̅(𝑋0) =
𝑓̅ (𝑋0± 𝑒𝑖)

𝑓̅ (𝑋0± 𝑒𝑖)
= 1 ∑ (

𝑓̅ (𝑋0± 𝑒𝑖)

2𝑑
)± ,𝑖 = 1 ∥ 𝑓̅  ∥2 ≥  ∥ 𝑓𝑖

± ∥2

∥ 𝑓̅  ∥2 ≤ ∑ (
𝑓(𝑋0± 𝑒𝑖)

2𝑑
)± ,𝑖  ∥ 𝑓𝑖

± ∥2 ∥ 𝑓̅  ∥2=

∑ (
𝑓(𝑋0± 𝑒𝑖)

2𝑑
)± ,𝑖  ∥ 𝑓𝑖

± ∥2  𝑓𝑖
± = 𝐶𝑖

±𝑓̅  𝐶𝑖
± >

0

  𝑓𝑖
+ = 𝐶𝑖

+𝑓̅ 𝑓 ̅(𝑋 + 𝑒𝑖) = 𝐾𝑖𝑓 ̅(𝑋) 𝐾𝑖 > 0

𝑓 ̅(𝑋 − 𝑒𝑖) = 𝑓 ̅(𝑋)  𝐾𝑖 𝑓̅ (𝑋) =
1

2𝑑
∑ (𝐾𝑖 + 1/𝑖 𝐾𝑖)𝑓 ̅(𝑋)

1

2𝑑
∑  (𝐾𝑖 + 1/𝑖 𝐾𝑖) = 1 𝐾𝑖 + 1/𝐾𝑖 𝐾𝑖 = 1

𝐾𝑖  𝑓 ̅(𝑋 ± 𝑒𝑖) =

𝑓 ̅(𝑋) 𝑓 ̅(𝑋) = 𝑓 ̅(𝑋0) = 1

 𝑔 ∈ 𝑈 �̅� ∈ 𝑉 �̅�(𝑋) =
𝑔(𝑋)

𝑔(𝑋0)

 ∥ �̅� − 1 ∥2
2 = ∥ �̅� ∥2

2− 1 ≥ 0 ∥ �̅� ∥2
2 ≤ ∥ 𝑓̅ ∥2

2= 1 ∥ �̅� ∥2
2 =

 1 ∥ �̅� − 1 ∥2
2= 0 �̅�  = 1

𝑔(𝑋) = 𝑔(𝑋0)


